We investigate the finite-frequency thermal transport through a quantum dot subject to strong interactions, by providing an exact, nonperturbative formalism that allows us to carry out a systematic analysis of the thermopower at any frequency. Special emphasis is put on the dc and highfrequency limits. We demonstrate that, in the Kondo regime, the ac thermopower is characterized by a universal function that we determine numerically.
I. INTRODUCTION
In the quest to find the most energy-efficient systems and devices, thermal generation of currents in nanometer-size structures which can be manipulated by electric fields, may offer one of the best paths to follow.
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Quantum dots (QD) are among the best candidates, since they are highly tunable. Moreover, they are characterized by an enhanced figure of merit, as a result of the converging effect of reduced spatial dimensionality, that minimizes the phonon thermal conductivity, and an increased electronic density of states. So far, they can be used as thermoelectric power generators or coolers 4 , and when embedded into bulk materials or nanowires, a structure with large thermopower coefficient, S, is obtained. 5, 6 The same environment, however, is fundamentally enhancing the interaction between the electrons, generating strong correlations and other dynamical effects. By doing detailed measurements in QDs, it has been shown that the oscillating behavior of the thermopower as a function of the gate voltage might carry information on interactions present in the system. 7 On the theoretical side, the thermoelectric problem in quantum dots is also of considerable interest: First, a perturbative calculation valid for weakly interacting QDs was presented in Ref. 8 . Later on, in Refs. 9 and 10 the thermopower of a Kondo correlated dot was computed. Quite recently, by using the numerical renormalization group approach (NRG) approach, the thermoelectric properties of a strongly correlated dot modeled in terms of the Anderson model, were investigated systematically. 11 Other more exotic systems such as the SU(4) Kondo state 12 or double-dot systems 13 were also studied, but, so far, mostly static effects have been addressed 14 and only few theoretical and experimental studies were focused on dynamical effects. 15 In contrast, other transport quantities, such as the usual differential conductance or the noise, have been investigated at various frequencies. [16] [17] [18] Consequently, new interesting physics has emerged: It was found that the modulation of the gate voltages suppresses the Kondo temperature 19 T K , and that the frequency-dependent emission noise of a quantum dot 20 in the Kondo regime, at high frequen- cies, ω ≫ k B T K , provides information on the system at energy scales which are not accessible by simple dc measurements. Furthermore, in a slightly different context, i.e., the correlated band models, it has been predicted that the thermopower in the high-frequency limit may provide further understanding on the thermoelectric transport.
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Motivated by these observations, we consider here the problem of thermoelectric response at finite frequencies in a quantum dot subject to a strong Coulomb interaction, and in particular we shall investigate the dynamical thermopower S(ω). This quantity characterizes how a charge current, I
(1) (t), is generated by an infinitesimal time-dependent temperature difference δT (t) across the dot and, at the same time, how a heat current I (2) (t) responds to an infinitesimal voltage drop δV (t) 24 
I
(1) (t)
As defined, the thermopower itself is not a response function, so it can not be computed directly within the linear response theory. Instead, the combination L 12 (ω) = T G(ω) S(ω) that appears in Eq.
(1) is a true response function that can be computed exactly. To get the thermopower spectrum S(ω), aside from L 12 we also need the usual ac conductance, G(ω) = L 11 (ω). Then, S(ω) can be expressed as 22, 25 S
One of the main results of this work is that in the strong coupling (Kondo) regime, i.e., max{ω, T } ≪ T K , the equilibrium ac thermopower takes on a simple, universal form, which apart from a phase-dependent prefactor, is characterized by a universal function
Here, δ 0 is the phase shift of the electrons at the Fermi level, and the function s is a complex universal function that depends exclusively on ω/T K and T /T K . The prefactor k B /e = 8.6 × 10 −5 V /K is the unit in which the thermopower is measured. The characteristic features of s(ω/T K , T /T K ) are sketched in Fig. 1 . At a given temperature T ≪ T K , and when ω ≪ T K , the real part s ′ grows quadratically with the frequency s ′ ≃ s 0 + a ′ (T ) ω 2 + . . . , followed by multiple changes of sign at some intermediate frequencies, ω i ∼ {T, Γ}, and becomes constant in the ω → ∞ limit. Its imaginary part vanishes in the ω → 0 limit, has a linear dependence s ′′ ≃ a ′′ (T ) ω + . . . below the Kondo scale, and vanishes in the ω → ∞ limit.
In Fig. 2 , we present a sketch of the setup. It consists of a quantum dot that is coupled to two external leads, α = {L, R}, that have different temperatures, T α (t) = T ± δT (t)/2. The temperature gradient δT (t) generates a time-dependent current which flows across the dot. Starting from the Kubo formalism and Fourier transforming from time t to frequency ω, we find the ac thermopower, S(ω). We derive general, exact expressions for L ij (ω), and implicitly for S(ω), which are valid at any frequency (see Eqs. (2) and (15)). The derivation is then followed by a careful analysis of different regimes of interest, such as the large-frequency limit, S * = S(ω → ∞), or the conventional low-frequency limit, S 0 = S(ω = 0) 11 . As a technical observation, since we are interested in S(ω) at any frequency, even in the region ω ≫ D, the bandwidth D of the conduction electrons must be kept finite in the calculations, otherwise an unphysical divergence with increasing frequency is present in the spectrum of L 12 (ω) (see Sec. III).
The paper is organized as follows: In Sec. II, we introduce the model Hamiltonian and derive the exact expressions for the generalized susceptibilities L ij (ω) that enter Eq. (2). The operators for the charge and heat currents are discussed in Sec. II B, and the results for the ac thermopower are presented in Sec. III. We give the final remarks in Sec. IV. Further technical details are discussed in Appendices A and B. In this work, we shall consider the case of a QD described by the Anderson model. It consists of a single localized orbital that is coupled to two external leads (see Fig. 2 ). The dot can accommodate up to two electrons with strong on-site interaction. The Hamiltonian takes the form
where d σ is the annihilation operator of an electron with spin σ in the dot, and c † αkσ is the creation operator of an electron with momentum k and spin σ in lead α = {L, R}. They satisfy the usual anticommutation relations:
We treat the leads as having a constant density of states ̺(ω) = ̺ 0 = 1/(2D), with 2D the bandwidth. The tunneling matrix is considered as being momentum independent, t αk = t α . Its strength is characterized by the usual hybridization function Γ α = π̺ 0 t 2 α . We define the total hybridization as Γ = α={L,R} Γ α . The dot itself supports a single orbital with energy ε d subject to the on-site Coulomb interaction U . Close to the electron-hole symmetric configuration, ε d ≃ −U/2, the dot is in the Kondo regime, characterized by the Kondo energy scale which is defined as
B. Currents and response functions
To compute the response functions, we need to define the charge and the heat currents. We introduce first the charge-and heat-transfer operators
and define the currents as time derivatives of the corresponding charge/heat operators:
Their explicit expressions can be obtained in terms of the equations of motion as:
To avoid a two-channel calculations, it is customary to perform a rotation of the L/R basis to a new one {α kσ , α kσ }, defined by:
This unitary transformation decouples the odd channel, α kσ , from the dot, so that the dot remains coupled only to the even channel, α kσ . The coefficients are
Following this unitary transformation, only the interacting part of the Hamiltonian H int changes to
In what follows we shall consider the perfectly symmetric dot, t L = t R = t. The currents,
R )/2, transform accordingly, and under equilibrium conditions, µ L/R = 0, in the new basis they are defined as:
and are expressed in terms of the decoupled channel operators only. This allows us to obtain exact results for the response functions. The currents
L/R also have a symmetrical component, which gets subtracted out in the definition of I (i) . Within the Kubo formalism, the generalized response functions L ij are given by
where
We want to express L ij in terms of locally defined operators only, and for that we eliminate the charge operators.
In Fourier space we obtain
with T ij (ω) the Fourier transform of the generalized susceptibility:
Somewhat similar to the calculation of the ac conductance 16 , the calculation of thermopower, 31 Throughout the NRG calculation, the Wilson ratio was fixed to Λ = 2, and we have kept on average 4000 multiplets at each iteration.
III. AC THERMOPOWER
Let us now focus on the calculations of the response functions L ij and the ac thermopower S(ω). In general, L ij (ω) are complex functions of ω, as their imaginary parts capture retardation effects due to the external excitation. The full ω dependence of the Re L ij (ω) acquires a relatively compact expression in terms of the spectral representation of the d-level:
with Θ ω = Θ(D−|ω|) and f (ω) the Fermi-Dirac distribution. To get the ac conductance 16 , the high energy cut-off D can be safely taken to infinity, as L 11 remains a regular function. This is not the case for L 12 which diverges at large frequencies when D → ∞, so it is compulsory to have a finite bandwidth for the conduction electrons. To get the imaginary part of L ij , the use of the Hilbert transform is unavoidable. We first compute Re L ij , and then Im L ij is obtained by a Kramers-Krönig(KK) transformation
Although Eq. (15) looks cumbersome, we can interpret it in terms of inelastic tunneling processes and see these correlation functions as rates by which the system absorbs or emits photons 20 at frequencies ω. Further details on how to compute L ij are presented in Appendix B. With L ij at hand, S(ω) can be obtained by using Eq. (2). By symmetry, S ′ (ω) = S ′ (−ω), is an even function of frequency, show S(ω, T ) in the empty orbital limit, n ≪ 1. By symmetry, when 1 < n < 2, the thermopower has the same magnitude, but opposite sign, as the role of parti- cles and holes is inverted. At the electron-hole symmetric point, i.e., n = 1, the particles and holes move together in the same direction under the temperature gradient, and the thermopower vanishes exactly. At very small frequencies and temperatures, {ω, T } → 0, only the quasiparticles very close to the Fermi surface give a contribution to the currents flowing through the device, so this limit can be understood in terms of the Fermi-liquid picture. 32 The Fermi-liquid scale Ω F , is controlled by either T K within the Kondo regime, or by Γ itself otherwise. When {ω, T } ≪ Ω F , the frequency dependence of S(ω) is captured by a simple analytical expression
Here S 0 (T ) < 0, is the dc-thermopower, while b ′ and b
′′
are some coefficients that depend on temperature. In the Kondo regime, {b ′ (T ), b ′′ (T )} ∼ 1/T . In our convention, positive (negative) S 0 corresponds to the situation when charge and heat currents flow in the same (opposite) directions. At some intermediate frequencies, ω ∼ T , S ′ (ω) changes sign and becomes positive. In the Kondo regime, there is another change of sign at a larger, almost constant frequency ω 2 ≃ Γ, and S ′ becomes negative in the ω ≫ D limit. The sign of S 0 (T ) can be associated with the type of dominant carriers in the system at that particular energy: hole like carriers correspond to S 0 > 0, and particle like carriers to S 0 < 0. The first sign change in S 0 (T ) can be understood as follows: At T ≃ 0, the Kondo peak is weighted towards positive energies (for n < 1), but as temperature increases, it is pulled towards the negative energy region. Thus, the quantum dot shifts from having predominantly particle carriers, to having predominantly hole carriers in the window ∼ T that contributes to the transport. Whenever the average entropy carried inside this window becomes zero, the thermopower vanishes. At a finite frequency ω, inelastic tunneling processes in a window ∼ 2ω around the Fermi level give additional contributions to the transport, see Eq. (15) . The picture gets more complicated by the existence of retardation effects, which lead to finite imaginary parts in the response functions, and consequently affect the zeros of the thermopower. The high-frequency features in Fig. 3 at energies ω ∼ {U, D} can be associated with Hubbard charging, and eventually band-edge effects. In Fig. 4 , we display the temperature dependence of S 0 (T ) and S * (T ). It has been already shown 33 that in the Kondo regime, when T ≪ T K , S 0 depends linearly on T , S 0 ∝ T . This observation carries over to the mixed valence and empty orbital regimes too, as long as T ≪ Γ. In the opposite limit, T ≫ T K , S 0 shows a change of sign at some large temperature, and then decays towards zero.
In the large-frequency limit ω ≫ D, S * can be evaluated simply as
with L * ij some temperature-dependent coefficients, discussed in Appendix B (see Eq. (B6)). As ω ≫ D, all states are involved in transport, so that the only energy scale that survives is the bandwidth itself (as long as {T K , U } ≪ D). Therefore, we expect the features of S * (T ) to carry information only on D itself. In the smalltemperature limit, T → 0, the L * ij 's become constants, so a divergent behavior S * ∝ 1/T emerges in this limit. This is clearly visible in Fig. 4 (b) , where S * T becomes constant when T ≪ Γ. At intermediate temperatures, Γ < T < D, S * decreases significantly, and vanishes in the in large T limit.
In what follows we shall focus on the strongly correlated regime. When {ω, T } ≤ T K , a clear universal behavior emerges as S(ω) depends exclusively on the T /T K and ω/T K ratios. It was found previously 11 that as long as
is a universal function that scales with T /T K up to a filling-dependent phase factor. Here, δ 0 is the phase shift at the Fermi level, δ 0 = π n /2, with n the average occupation of the dot, γ is the specific-heat coefficient of the quantum dot which is filling dependent, andγ = πγ T K /k B is a dimensionless quantity of the order 1. In the inset of Fig. 5 we represent s 0 (T /T K ) as a function of T /T K for a filling n = 0.95. We extend this analysis to finite frequencies where a similar behavior emerges, as the ac thermopower can be expressed as:
The universal scaling function s depends on ω/T K and T /T K only. A sketch with the frequency dependence is presented in Fig. 1 , while in Fig. 5 we represent the exact numerical calculation for the frequency dependence of |s|. In the Fermi-liquid regime, {ω, T } ≪ T K , simple analytical expressions can approximate the real and imaginary parts of s:
with α ′ and α ′′ some coefficients ∼ 1. The s ′ ∼ ω 2 frequency dependence can be related to the virtual Kondo transitions from the singlet ground state to the excited states. 34 These transitions give for the imaginary part of the T-matrix:
K , when {ω, T } ≪ T K , which in turn introduces corrections of the order ∼ ω 2 and ∼ T 2 in the response functions Re L ij . Simple analytics then show that s ′ ∼ ω 2 /T 2 . Then, by Hilbert transform, s ′′ is linear in frequency. This scaling for s extends up to frequencies of the order of ω ∼ T K , followed by a sign change at some particular frequencies ω i . At very large frequencies ω ≫ T K , s ′ becomes a constant, while s ′′ → 0.
IV. CONCLUDING REMARKS
We have studied the finite-frequency thermopower of a quantum dot described by the Anderson model. For that we have first constructed a general framework which allowed us to investigate in a non-perturbative manner the ac thermopower. When calculating the ac conductance 16 , it is safe to take the bandwidth D → ∞, but when we address the problem of the ac thermopower, it is compulsory to keep D finite. Although S(ω) presents a relatively rich structure that includes several sign changes, in the Fermi liquid regime a simple analytical expression is able to capture its behavior over a broad range of temperatures and frequencies. In the Kondo regime, the ac thermopower is characterized by a universal function that we have determined numerically. We have also found that the S 0 and S * have a markedly different behavior in the low-temperature limit. Within the L/R basis transformation, one channel becomes decoupled, and can be treated as a non-interacting one. It is simply described by the non-interacting Hamiltonian
In what follows, we shall fix the chemical potential to zero. The nonequilibrium evolution of the system is described by the conduction electron Green's function:
, where T C is the time ordering operator on the Keldysh contour. Within this language, we can define four Green's functions. Two combinations define the greater and lesser components
while the other two define the time and anti-time ordered ones:
Here T andT are the time and anti-time ordering operators. We also introduce the retarded and the advanced Green's functions, which are defined in the usual way:
We are interested in the momentum integrated Green's function g σ (ω) = k g kσ (ω), as these are the only quantities that explicitly enter the expression for the ac thermopower. Here, we consider the simplest situation of a dispersionless electronic band with a band cutoff D. It is characterized by a constant density of states N (ω) = 1/(2D) Θ(D − |ω|) = N (0) Θ ω , with N (0) = 1/(2D), the DOS at the Fermi level and Θ ω = Θ(D − |ω|). Then, the momentum integrated Green's function have relatively simple analytical expressions 35 :
is neglected in the large-bandwidth limit, but as long as we are interested in the response functions L ij in the large ω > D limit, its contribution becomes important. To get the dynamical transport coefficients, we need to compute the retarded response functions defined in Eq. (14) , with the current operators defined in Eqs. (9) and (10) . In the even/odd basis, one channel becomes decoupled and the charge current correlator T 11 can be 
11 can be identified with the dc-conductance itself.
evaluated as:
which gives for L 11 defined in Eq. (13) a relatively compact expression:
Notice that within the present formalism, we can identify Re L 11 (ω) with the real part of the ac conductance G(ω). 16 A similar expression can be derived for T 12 (t, t ′ ), which in the Fourier space becomes:
Subtracting the T 12 (ω = 0) term and dividing by −iω, the real part of L 12 is obtained as:
In these expressions, L ij depends explicitly on the retarded localized d-level Green's function G R d (ω). This quantity shall be computed exactly by using the NRG method. In this way, Eqs. (B) and (B) are the exact expressions for the real parts of the Onsager transport coefficients, and no approximation of any kind was used so far. The ac thermopower depends not only on the real, but also on the imaginary parts of L ij . Actually their imaginary parts give the main contribution in the largefrequency limit. To obtain them, we use the KramersKrönig relations, Eq. (16). In the ac limit, when ω is the largest energy scale (ω ≫ D), we can simplify considerably the calculation by noticing that
with L * ij some coefficients,
which are thus determined as the sum rule of dynamical quantities. 23 In Fig. 6 we represent the imaginary parts of L ij in the Kondo regime, as computed by doing the KK transformations of Eq. (B) and (B). The insets display the large-frequency behavior, which indicates that our approximation, Eq. (B5), is indeed correct. The temperature dependence of L * ij is displayed in Fig. 7 . In the small-frequency limit, ω → 0, the calculation can be simplified again. Introducing the notation Re L 
Here, Re L
11 is the dc-conductance itself. Its temperature dependence is displayed in Fig. 8 . As expected in the T → 0 limit, Re L (0) 11 shows the usual Kondo behavior, as the system is close to the unitary limit. From Eqs. (B7) and (2) one can notice that the thermopower has the form of an average entropy − ǫ − µ /(eT ) carried per particle/hole across the quantum dot. Thus, for the case of perfect particle-hole symmetry, the thermopower becomes zero. This form can also be used to justify the 1/T dependence of S * (see Fig. 3 ).
